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SECTION 8. Architecture and construction. 

 

MATHEMATICAL MODELING OF STRESS-STRAIN STATE OF 

COMPOSITES REINFORCED WITH DISCRETE FIBERS IN TENSION 

AND COMPRESSION, TAKING INTO ACCOUNT PHYSICAL 

NONLINEARITY 

 

Abstract: The article presents the study results of the stress-strain state of the steel fiber reinforced slag 

concrete elements. In order to determine the physical and mechanical characteristics of the fiber-reinforced 

concrete experiments carried out, the analysis of which yielded mathematical relationships to describe the stress-

strain model in tension and compression for designs of such cementitious composites. To describe the stress-strain 

state modified depending offered N. I. Karpenko and C. Sujivorakul. The mathematical models used piecewise 

linear displacement diagrams fibers in concrete. Authors analyzed the convergence of the theoretical curves 

constructed using a modified formula and experimental data. 
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Expanding the use of reinforced structures of 

concretes which include the secondary wastes of 

different industries and local aggregates, promotes 

economical consumption of material and energy 

resources, reduce the cost and time consuming 

processes. These concretes, in particular, to fine slag 

concrete based on dropout from the crushing of the 

cast slag crushed stone (CSC). One of the ways to 

improve the quality of the concrete is the 

introduction of the slag mixture of steel fibers having 

high strength characteristics and increased tensile 

modulus. 

It is known that the introduction of concrete 

reinforcement allows to obtain the dispersed 

composite having a tensile strength several times 

higher than for concrete matrix. Increasing the 

strength properties of steel fiber reinforced slag 

concrete (SFRSC) allow to eliminate the reinforcing 

bars in some designs. 

Importantly, increase the level of automation of 

calculations structural elements makes higher 

demands on the information content of the research 

results of the actual work, which is particularly 

important for creating predictive algorithms using 

diagram methods. A large part of building 
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construction elements based on such characteristics 

of the material, as the prism compression strength of 

concrete Rb, cube compression strength Rm or 

durability of concrete under axial tension Rbt. A set 

of data for SFRSC-structures is not sufficient, 

because in addition to the strength properties of a 

significant role in the calculation here is also 

included a deformability (initial modulus of elasticity 

of the slag concrete (SC) in tension Eb0 and modulus 

of elasticity of the SFRSC Efb0, limit deformation in 

tension of the SC εbtR and for SFRSC fbtR, limit 

deformation in compression of the SC εbR and for 

SFRSC εfbR). 

The aim of this study is to provide a 

computational formula that will determine the 

deformation characteristics SFRSC taking into 

account the concrete age. On the basis of 

experimental data to construct incremental algorithm 

for calculating the structural elements under axial 

tension and compression loads. 

The main findings deformability properties of 

fine-grained concrete are given in [1]. 

Tests were conducted with the specimens which 

include fine-grained slag produced of "NLMK". It is 

a waste of crushing of cast slag crushed stone gravel 

fractions 0-5 mm and a bulk density 1085-1135 

kg/m3. For the production of the specimens was used 

the composition, presented in table 1. 

 

Table 1 

Composition of experimental specimens. 

Composite Characteristic 

binder cement brand PC-500 D0 (Lipetsk) 

plasticizer "Relamiks" (10% solute) 

particulate reinforcement Fiber "Dramix" Belgian firm "Bekaert" - chopped steel wire 0.8 mm in diameter and 

60 mm in length (Rf = 1100 MPa, Ef = 1,95•105 MPa, df = 0,8 mm, lf = 60 mm) 

 

 

Test specimens in tension was conducted on a 

special experimental device [2]. Compression and 

tensile tests were occurred using 100 kN press and 

universal tensile testing machine with maximal load 

20 kN respectively. In the study in tension and 

compression SFRSC-specimens used concrete matrix 

classes B5, B7.5, B10, B15, B20, B25, B27.5. 

In studies of SFRSC-specimens on tensile 

varied volumetric content of fiber reinforcement μfv 

(%): 0, 0.125, 0.25, 0.375, 0.5, 0.75, 1.3, and 

concrete age t (days): 3, 7, 14, 21, 28, 56, 112, 224, 

448. The sketches of specimens shown in Fig. 1. The 

distance between the fiber-in transverse section of 

the specimens were 5 and 10 mm. 

 

 
 

Figure 1 - Sketches of specimens for tensile test. 

 

Durability of SFRSC in axial compression was 

determined on specimens in the form of cube with 

sides of 60 mm. Variability of fiber reinforcement 

volumetric content in SFRSC-specimens μfv (%): 0, 

0.125, 0.25, 0.375, 0.5, 0.75, 1.3, and concrete age t 

(days): 3, 7, 14, 21, 28, 56, 112, 224, 448; coefficient 

reflecting fibers work in a section perpendicular to 

the direction of the external compressive load kn: 

0,247, 1,00. Sketches of test samples are shown in 

Fig. 2 a, b. 
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a)  

b)  

Figure 2 - Sketches of specimens for compression test: a) kn=0,247, b) kn=1 

 

"Stress-relative deformation" ("σ-") diagrams 

as axial tensile test results of SFRSC-specimens are 

shown in Fig. 3 a (aged for 3 days concrete matrix 

class B20) and Fig.3 b (aged for 28 days concrete 

matrix class B20). 

 

a)  b)  

 

Figure 3 - Experimental "σ-" diagrams obtained in an axial tensile test of SFRSC-specimens. 

 

Deformation of SFRC is a complex process, the 

study of deformation tensile properties of SFRC 

revealed that it is characterized by the following 

work stages: 

- practically linear section of the diagram "σ-" 

corresponding to the elastic material; 

- curved "σ-" section of the diagram, starting 

with the crack corresponding to the pseudo-plastic 

material work. 

Various researchers [3, 4, 5], despite receiving 

comparable data, provide a variety of interpretations 

of the results. Thus, at the present time authors 

deduce various estimates moment of cracking due to 

differences in the test methods, experimental 

specimens and used equipment. 

Tensile diagram "σ-" for SFRSC can be 

represented as schematic form shown in Fig. 4 a. 

This diagram conditionally divided into two portions 

and described using seven characteristic points. The 

bright area of the diagram is the area where there is 

collaboration fiber and concrete work (occurs 

addition of tension diagrams concrete and fiber), the 

dark area of diagram describes comprehensive work 

of the fibers  in pull-out of the slag concrete-matrix. 
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a)  b)  

Figure 4 - Schematic forms tensile diagram for SFRC and its characteristic points. 

 

In this case, the stress in section of concrete 

specimens at the site when the relative deformation 

of the sample does not exceed the limit values of 

relative deformations for concrete-matrix, and 

equation is performed: 

ftbtfbt NNN  , (1) 

where Nfbt, Nbt, Nft is loads generated by tensile in 

SFRSC specimens, in concrete and in the fiber 

respectively. Expressing load through the voltage 

and the cross-sectional area, we get the following 

equation: 

bredbfbtbbtbt AEAN ,  , 

fredffbtfff AEAN ,  , 

  fredfbredbfbtfbt AEAEN ,,  , 

 

fb

fredfbredbfbt

fbt
AA

AEAE






,,


. 

(2) 

There σbt, σf, σfbt is stress values in slag 

concrete, fiber and SFRSC respectively; Ab, Af is 

sectional area slag concrete and fiber; Eb,red, Ef,red is 

the module of elasticity of slag concrete and fiber; εfbt 

is relative deformation of SFRSC specimen. 

Limit values of relative deformations of slag 

concrete-matrix εfbtR will also depend on the 

percentage of volume of reinforcement: 

   323 108124,0  fvorbtfbtR ktR  , (3) 

where Rbt(t) is the tensile strength of concrete at the 

age t, μfv is volumetric content of fiber reinforcement. 

Further, when the relative deformation of the 

sample exceeded the limit value relative 

deformations slag concrete-matrix (εfbt>εfbtR), the 

diagram is described by adding the single fiber pull-

out diagrams. 

The "load-displacement" curve for the loaded 

end of the fiber with a single limb at the end can also 

be represented as a piecewise linear diagram (Fig. 5). 

 

 
Figure 5 - The "load-displacement" single fiber pull-out piecewise linear diagram 

 

In [6] presented the results and conclusions of 

the mathematical relationships for the coordinate 

reference points piecewise linear pull-out diagram 

"load-displacement" for steel fiber, working under 

load in slag concrete-matrix (Fig. 5): 
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Table 2 

- point H01:  t
b

RWH 02,0101  ,    anfH lt
b

RP ,01 015,055,011355  ;  

- point H02: 0102 3 HH WW  , 
0102 7,0 HH PP  ;  

(4) 
- point H03: 0103 6 HH WW  , 

0103 6,0 HH PP  ; 

- point H04: 0104 8 HH WW  , 
0104 4,0 HH PP  .  

 

 

There lf,an is embedding fiber length (mm), Rb(t) 

is slag concrete compressive strength at age t (MPa), 

WH0i is abscissas points (displacment of fiber, mm), 

PH0i is ordinate points (load, H). Values Rb(t) and Rbt 

(t) are determined according to equations proposed in 

[7]. 

Given these, coordinates the points of tensile 

"σ-" diagrams for SFRSC will be determined by the 

following formulas: 

 

Table 3 

- point O: 0fbt , 0fbt ;  

- point A: 
   33 108124,0  fvbtfbt tR  ,  

fb

ffbbfbt

fbt
AA

AEAE








;  

- point B: 
   33 108124,0  fvbtfbt tR  ,  













 









fvfb

ffbbfbt

fbt
AA

AEAE






4107
1

;  

- point C: 
fbtRfbt  10 , 

 

bf

N

j

r

n

AjH

fbt
AA

kP
ср





1

3

,01


; 

 

- point D: 

01

0210
H

H
fbtRfbt

W

W
 

, 
 

bf

N

j

r

n

AjH

fbt
AA

kP
ср





1

3

,02


; 

 

 

(5) 

- point E: 

01

0310
H

H
fbtRfbt

W

W
 

, 
 

bf

N

j

r

n

AjH

fbt
AA

kP
ср





1

3

,03

 ; 

- point F: 

01

0410
H

H
fbtRfbt

W

W
 

, 

 

bf

N

j

r

n

AjH

fbt
AA

kP ср





1

3

,04

 ; 

 

- point G: 
01

0410
H

H
fbtRfbt

W

W
 

, 0fbt .  

 

Where N is quantity of fibers in SFRSC 

spacimen, the n - number of fiber within a radius of 

10 mm and affect the operation of the unit central 

fiber, rcp is the average distance to the fibers located 

within a radius of 10 mm, the kA is coefficient taking 

into account the work of the central fiber as a result 

of effect on neighboring fibers, and it is determined 

by the formula [8]: 

 

 

   













 152,07,77,224,0 ,

2

,

m

f

anf

m

f

anfA
R

l
R

lk
 , 

anfcanff ll ,,, /  
(6) 
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where, lf,an,c is the mean value of the anchorage of 

neighboring fibers, mm. 

Note that for each fiber, which diagramm 

summarize, it is necessary to calculate the 

parameters: n, rcp and kA. 

Such representation of "σ-" diagrams for 

SFRSC specimens tensile, requires consideration of 

the large amount of data, it is convenient to use in the 

calculation of structural elements on a computer.  

Figures 6 illustrate the theoretical curves 

constructed by the formulas (3)-(6) for concrete class 

B20 and at matrix age 28 days. 

 

  
 

Figure 6 - Theoretical "σ-" diagrams for tensile SFRC constructed according to formulas (5), (6) 

 

The test results of the SFRSC specimens under 

axial compression are shown in Fig. 7 a (slag 

concrete B7.5 class at the age of 3 days, kn = 1), and 

in Fig. 7 b (slag concrete class B15 at the age of 3 

days, kn = 0,247). 

 

a)  b)  

 

Figure 7 - The experimental data and the theoretical curves "σ-", obtained when tested on specimens in 

axial compression SFRSC 

 

One of the known analytical expressions, 

allowing to express the relation between stress and 

strain of concrete under axial compression is the 

formula proposed by N. I. Karpenko [9]. It uses the 

rate of change secant modulus: 

       2
21,0, 1   RbfRbfbf

, (11) 

where ν(f)b,R is the rate of change secant modulus ν(f)b 

(0<ν(f)b<1) in the top of the "σ-" diagram: 

        )/( ,,, bfRbfRbfRbf E  , 
   bfRbf R, , (12) 

ν(f)b,R is relative strain at the maximum stress, E(f)bt is 

initial modulus of elasticity of concrete in tension, η  

(0< η<1) is stress level: 
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    Rbfbf ,/  , (13) 

ν0 is rate of change secant modulus at the beginning 

of the diagram (ν0=1 for the diagram uplink and 

ν0=2.05ν(f)b,R for downlink diagram), ω1, ω2 is the 

parameters of the diagram curvature. 

Secant modulus of elasticity of concrete 

(SFRSC) for any value of the stress σ(f)b is 

determined by the formula: 

 
 

 
   

0
bfbf

bf

bf

bf EE 



 , 

(14) 

In [9] suggested parameters of diagram 

curvature determined by the next formulas. 

- for the uplink diagram: 

  Rbf ,1 5,22   , 
12 1   ; (15) 

- for downlink diagram: 

  138,095,1 ,1  Rbf , 
12 1   . (16) 

To describe the stress-strain state of concrete 

applied modified depending offered N. I. Karpenko 

and C. Sujivorakul. The mathematical models used 

piecewise linear displacement diagrams fibers in 

concrete. The coordinates for these diagrams were 

obtained by analyzing the experimental data. The 

theoretical curves constructed using formulas showed 

high agreement with experimental data. 
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