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Abstract: In this paper, the Cauchy problem with the second order ordinary differential equations is solved
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I. Introduction.

Nonlinear phenomena are of fundamental
importance in various fields of science and
technology. Nonlinear models of real-world problems
are still difficult to solve either numerically or
theoretically. Recently, much attention has been paid

to the search for better and more efficient approximate
or exact, analytical or numerical methods for solving
for nonlinear models [6, 7, 10, 11]. There are many
standard semi-analytical methods for solving linear
and nonlinear partial or ordinary differential
equations, for example, the Adomian decomposition
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method, Taylor series method and the variational
iterations method [6-12].

The Adomian decomposition method and the
variational iterations method is one of the wellknown
methods for solving various linear and nonlinear
evolution equations. Many studies have proven that
these methods are reliable and effective for a wide
range of scientific applications, linear and nonlinear
equations with bounded and unbounded domains [1-
7]. These methods have no special requirements, such
as linearization, small parameters, and so on for
nonlinear operators. Below, the Cauchy problem with
the second order ordinary differential equations are
solved analytically using the Adomian decomposition
method, Taylor series method and variational
iterations method.

11. Analysis of the methods.

1) Adomian decomposition method.

Considering the differential equation below in an
operator form as

In this case L is mostly the lower order derivative
assumed to be invertible, R is other differential
operator while f is the source term. Applying L™ to
both sides of equation (1) and imposing the given
conditions, we have

u =h—L71(RU) (2)

where the function h represents given conditions and
the source term. The standart Adomian decomposition
method gives the solution of u by and infinite series of
components written as

u=)>u
=0

n

n

®)

where the components are determined
recursively. Substituting (3) into (2) yields

S (3]

n=0

Ug,Ug, Uy, ...

(4)
We then determine the solution by identifying
the zeroth components as

N u,=h - ©)
and the remaining components are written as the
recursive relation

u,, =—L*[R(,)], n>0

(6)
2) Variational iterations method.
Considering the differential equation below inan
operator form as

Lu+ Nu = f(t) )

where L is linear operator, N is a nonlinear operator
and f(t) is known analytical function.

According to the variational iterations method,
we can construct a correction functional as follows:

t
Upa ) = U, 0)+ [ AE)[Lu, (&) + NT, (£) - F(£)]dg
0 (8)
where 4 is a general Lagrange multiplier, which can
be identified optimally via the variational theory (He,
2007), the subscript n denotes the n th approximation

and U is considered as a restricted variation, i.e.,
&0, =0

It is obvious now that the main steps of the
variational iterations method require first the
determination of the Lagrangian multiplier A that will
be identified optimally. Having determined the
Lagrangian multiplier, the successive approximations
u”+1, N=0 of the solution u will be readily obtained

upon using any selective function uo. Consequently,
the solution

u=Ilimu,

n—o X (9)
Lagrange multiplier can be easily identified as:
m 1 e
ME) = (=) (E-)m
(m-=1)! ' (10)

111. Application methods and results.
Example. Consider the second order ordinary
differential equations

y'=5y'=5 y(0=1 y(0)=1 o0<x<3
We find the exact solution to the problem
y(x)=0,4e" +0,6 —x
1) Adomian decomposition method.
y'=5+5y" — L'y =L"(5+5Y) ’
2 X X
Le=20  O=[[0de
where dx” and 00

y(x)=1+x+5%+5”y’(§)d§

, then

According to ADM we search for the solution as

yO) =Dy (X)
follows: k=0 .
This,

5x°
y0+y1+y2+...:1+x+7+

+5ﬁ[y{) +yi+Y, +..]dg
00

now
2

X
Yo :1+x+7;
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, 5x* 25x B ,  125x%  625x*
5” dg_— 7, =1+10x +25x + o,
X X n (5)()"
Y, 5J~J‘yd§_25x 125x* : anz‘z - -1
00 al k= : and so on.
According to them
X X , 5n Xn+1 5n+1Xn+2
yn=5”yn71d¢f= + Yo=1+X.
00 (n+)! (n+2)! q '
anlsoon. Y, = X+5x2.
2 5n N+ ’
X X)=1+x+ = 3
yox) = Zyk( )= z (n+1)! yZ:x+5x2+25X
) ny,n+l n+l ’
S1ox+ Y 22X g w04 Z () , | 25¢  125x"
o (n+1)! 5 (n+1)! Y, = X+5%% + +=0
=0,6-x+04-> (5%) =0,6—x+0,4-e, , 25x* 125x* 625x°
= n Y, =X+5X"+ + o + 150
The found solution to be compatible with the 200
exact solution. _1-x104. o (5x)"
2) Variational iterations method. To solve the Yn X+ “(n+1)!
VIM problem, we first use the replacement and so on.
X 3) Taylor series method.
y(x) =1+ [ 2(&)dé y'=5+5y"  y(0)=1 y(0)=1
° : 20)=1, ) (- y(") =5y
The formula of VIM is y" =5y = =, N>2
240 = 2,() + [ A(€)(z, -5z, ~5)d¢& y'(0)=10.  y"(0)=50. y"(0)=250.
0 ; ; ;
' y'(0)=1250. . y™(0)=2.5""
Where A8). Lagrange multiplier, and for the T and so on.

X&), =0 1+A4(9),_, =

from here we have 7 (&)=

0
stationary case and

_1. Then we have
2,00 =2,00 - [ (7 —52, —5)d&
0

Now applying VIM, we get the following results:
z,=1. z,=1+10x. z,=1+10x+25x".

125%°

2, =1+10x+ 25x* +

Recall that the Taylor expansion of y(x) is

given by
¥ = y(©+ Y P x+ Ve

LYO0) s y' '(O)Xn+
n

X*+..+
3

then
2.5 |
n!

y(X) =1+x+5x2+5;—?x3+...+
=0,6—x+0,4e>
The result of the difference between the exact

and approximate solution alongside the Absolute error
Ea, shown in the Table I below:

X +..=

Table I.
X Exact Approximate solutions yn(x) Absolute error Ea
solution y(x) | n=20 n=25 n=30 n=20 n=25 n=30
0 |1 1 1 1 0 0 0
0,2 | 1487312731 1*48731273 1’48731273 1’48731273 2.22045E-16 | 2,22045E-16 | 2,22045E-16
04 | 3,15562244 | 3,15562244 | 3,15562244 | 3,15562244 | 1,86517E-14 | 8,88178E-16 | 8,88178E-16
0,6 | 8,034214769 3’03421476 8'03421476 3'03421476 0,47278E-11 | 3,55271E-15 | 0
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0.8 | 2163026001 | 510392599 | 216392600 | 216392600 |, 19089 08 | 5,22050E-12 | 1,06581E-14
1 58,96526364 28’9652588 28’9652636 28’9652636 4,81408E-06 | 1,81063E-09 | 2,77112E-13
1,2 | 160,7715174 (1560,771282 %60,771517 }160,771517 2,00023481 216923E-07 | 7,92966E-11
14 | 437,8532634 49137,846904 19137,853250 337,853263 8,00635842 1,25177E-05 | 9,80179E-09
1,6 | 1191383195 ;191,27114 1191,38277 }1191,38319 8,11204574 8,00042346 6,40278E-07
1.8 | 3240033571 2238,60985 3240,02403 2240,03354 %,42371786 g,00953379 2.5708E-05
2 8800,186318 | 8795,19281 2809,03054 2809,18561 é3,9935076 2,15577356 8,00070341
2.2 | 2394805669 | 23836,186 53946,0916 ;3948,0425 %11,870682 1,96507678 2,01411860
2.4 | 65100,11657 24345,0816 25080,0811 35099,8970 ;55,034920 50,0354488 8,21950072
2.6 | 176963,3568 é72537,132 176792,402 376960,601 3426,22398 é70,954681 3,75495219
2.8 | 481039,5137 g57993,570 379785,155 ;181010,685 33045,9433 1254,35775 58,8277669
3 1307604.549 | 119911121 1299517,12 | 1307346,54 | 108493,338 | 8087,42320 | 258,008045
6 1 5 2 7
Since the exact solution function is grown, also
is absolute error high, so we also investigate relative
errors Eg, shown in the Table Il below:
Table I1.
X Relative error Er
n=20 n=25 n=30
0 0 0 0
0,2 1,49292E-16 1,49292E-16 1,49292E-16
0,4 5,91064E-15 2,81459E-16 2,81459E-16
0,6 1,17905E-11 4,42198E-16 0
0,8 1,94083E-09 2,41672E-13 4,92537E-16
1 8,16426E-08 3,07067E-11 4,69957E-15
1,2 1,46054E-06 1,34927E-09 4,93225E-13
14 1,45218E-05 2,85889E-08 2,2386E-11
1,6 9,40468E-05 3,55443E-07 5,37424E-10
1,8 0,000439415 2,9425E-06 7,93449E-09
2 0,001588513 1,76831E-05 7,98506E-08
2,2 0,004671389 8,20558E-05 5,89551E-07
2,4 0,011598058 0,000307764 3,37174E-06
2,6 0,025012093 0,000966046 1,55679E-05
2,8 0,047908629 0,002607598 5,99281E-05
3 0,082971062 0,006184915 0,000197314

V. Conclusions.

In this work, ADM, TSM and VIM were
successfully applied to solve the Cauchy problem with
the second order ordinary differential equations. It is
obvious that VIM an ADM are very powerful and

effective methods for finding analytical solutions for
wide classes of problems. It is worth noting that these

two methods are a quick convergence of solutions.
Application of ADM to the problems discussed has
more advantages than VIM and most other methods;
it overcomes the difficulties in calculating other
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methods and auxiliary parameters; it helps us to obtain
a solution for smaller approximations. Also, the ADM
does not require changing some parameters in the
equation, therefore, the calculations are simple and

straightforward.
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