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Introduction

Let £ be the operator generated by the
differential operator(—A)™ + a(x) on the set C5°(Q). f(mep(x)VmU(x))dx + f a(x)U()e(x)dx
Conditions are given for an unlimited domain of Q 2
and potential a(x) ensuring the discreteness of the
spectrum of the operator £, A — the Laplace operator. =1 f UGx)p(x)dx

Q

The paper investigates the discreteness of the
spectrum of the operator £ on the set Cy°(€2). Here where: - W1 (€) - is the closure of the set of infinitely

Q cR™ is an unbounded domain, which can be differentiable finite functions according to the norm of
tapering at infinity in a certain way, R"- is the the Sobolev space W™ (Q).

Euclidean space a(x) — is a measurable function. The discrete spectrum of an operator £ is the set
of its eigenvalues. The study of the nature of the

Q
for all functions ¢ (x) rom the set C5°(Q).

Definition. _ spectrum consists in studying the set of points of the
Private function of the operator L is called an spectrum depending on the behavior of the
element of the Sobolev space W3'(€2) satisfying the coefficients in the differential operation, the type and
equality nature of boundary value problems. The question of

the structure of the spectrum of differential operators
is also important for applications, for example: in
guantum mechanics, the eigenvectors corresponding
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to the points of the discrete spectrum are called bound
states, and the points of the discrete spectrum
themselves are called bound state energies. Many
works have been devoted to the study of the structure
of the spectrum of elliptic operators [1]. We note some
of them, in which significant results were obtained by
M.S. Burman [2], I. M. Glazman [3], G. V.
Rosenblum [4] M., Fefferman [5], P. Kerman and E.
Sawyer [6]. V.G. Mazya obtained accurate results on
the discreteness conditions of the negative spectrum
in terms of capacitance for both the Schrodinger
operator and the semi-harmonic operator [7, 8, 9]. An
estimate of the lower edge of the continuous part of
the spectrum, the perturbed semiharmonic operator A,
is obtained in terms of capacitance.Toraev [10]. Yu.V.
Egorov and V. A. Kondratiev obtained non-improving
estimates for the negative spectrum of the Schrodinger
operator, and then for the general elliptic operator of
arbitrary order [4, 12].

Let's introduce the notation

Q,, = {x € Q:|x| > g},
Sp={xeQ:|x|=R}

The continuous part of the spectrum of the

operator £ is denoted by and the domain of the

m

. n
> Bt = [AZ +(
i=0

the coefficients of which will be used below
When proving our theorems, we will use the
inequality

—2m
2

2

operator £ is denoted by D(£). P,;(b) — is a cube with
an edge d parallel to the coordinate axes centered at
point b.

Let T be the operator generated by the operation
(=A™, D(T) = D(£)) and K is the multiplication
operator by the function a(x). Then

L=T+K.
First, let's give one well-known fact from [10].

The lemma. If| llim a(x) = 0, then the operator
X|—00

K is completely continuous with respect to T.

Let £, be the operator generated by the
differential expression

(=8)" + ay(x)

on the set Cy°(Q).

A consequence of the lemma:
a(x) for x € Q. , then C(£) = C(L,)

Really, let B be the multiplication operator by
a,(x) —a(x) D(B) = D(L,) According to the
lemma, the operator B is completely continuous with
respect to L, therefore

C(L)Y=C(L+B)=C(Ly).

Let the numbers B; be determined by the fact that

if a a,(x) =

)| (=5 -
s (Y]

(1

[ (divy
LU,0) = L J;O [; B2, (F) + Nexp(yt)V2 + a(t ) expCm) )V |dp  (2)

from the work
2m—-n

V(t) exp( .
(9102, Pn_1),de — is the surface element |p| = 1,
B-; are determined from equality (1).

Theorem 1. Let Q be such that the set Q N Sy
for a sufficiently large R consists of a set of domains
D; such that if D/ there is an image of D; when
mapping x! = x/lxl to Sy, then the eigenvalues of

the operator
m-—1

Z (—1)°C%B,8° + (—1)™ 6™
i=1

[13], here t=Inr, U=
)t,c/)— the area of change ¢ =

then the eigenvalues of the operator D; for any i not
less than NRY,y = const, N = const > 0, where the
numbers B;(l = 1,2, ..., m — 1) are determined by the
characteristic numbers of ordinary differential

operators of order 2l with constant coefficients [13],
& — operator Beltrami.
If

a(x) 2 ~olxl#m ~ L2 (i) 2 - N Lapr-2m

for some 0< B <1, then the spectrum of the
operator L is discrete, the numbers Sy, 3,, are
determined from formula (1).

Proof.
According to the corollary of the lemma, it is
enough to consider the region ., where r, is large

enough.
[ (div\?
ffZﬁZi =) de=o,

Since
¢ to i=0

then from inequality (2) using the conditions of the
theorem we have
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L 2\ + o 2 © 172
(LU, U) >f f [(ﬁz ) bV )+ J‘(d_V) dtZlf V—Zdt
BoV? + N exp(yt) VZ Bolx|~2™ — fo dt Al
—BN|x|"=2™) exp(2mt) V?] dt de. O] fair vV € CP(RY). Therefore, taking into account
According to the well-known inequality of [14, the performed substitutions in inequality (2),
c.13] inequality (3) can be written in the form

(Lu,v) = f [Bolx|™#™ + Nlx[Y=2™ — Bolx| 7™ — BN |x["=*"]U?dx.
Qg

Let the statement of the theorem be incorrect and
the number M > 0 isapoint ofa
continuous spectrum.  Let's denote £, = L — M.
From the last inequality we will have

— 1
(L,U,U) >f [ ﬁ)m r-2m 4 ZﬁNIxIV 2m ﬁolxl‘zm—MlxI‘Zm] Uldx >
since y >2m 0 < B <1, and this contradicts our forsome0<a<1, 0<o<a.
proposal that M € C(£), which proves the theorem, If
according to the corollary of the lemma. 1.for a fixed d>0, for |x| - o
Theorem 2. Let the domain Q be the same as in 2m-¥|dy - 0.P,(b) N Q. = . (5
Theorem 1 and fpd(b)lq |(3/)|y | y ’ d( ) To . ( )

— + —2m+ N 2-2m 4
900) = () + folx| oNlx| ) 2. for d — 0 uniformly relative to

f O [y 71 [x — Y[ dy > 0, Pagyy N 2y, # 0, ©®)

Pq(b)

then the spectrum of the operator £ is discrete.
V(x,y)ePy (b) > 14, 1, — isquite large.

Proof.
It is not difficult to see the fairness of inequality Applying the formula of the integral
representation of the Sobolev function through its first
|| ' derivatives (see [15], p. 436) to the function U? (x),
] =y cg = const >0, i=const (7) we obtain
r@saler [ vea+ [ Wolvlk-yral ®
Pq(b) Pq(b)

where xeP;(b) and the constant C; does not depend
ond. If ry-islargeenoughand 0 < d < 1,|b| > 1y,
then due to inequality (7) of (8) we will have

U%(x) < C, |d7|x|?™Y jlyl”‘szz(y)dy+

Pg(b)
vt [y ) 19Ul - vl ay ©
Pq(b)
will cover the area (2, x with a cubic lattice. with a cubic latticeP, the inequality (9) is valid
[ ]
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Integrating this inequality with weight|q (x)| for
each non -empty intersection with Q, for any cube of
the lattice, we get

f la-(0IU?dx < Cod™ f la_Co)l 127 dx f v2)lylr - dy +
Pa Pg

Pg

For a given ¢ > 0, by virtue of condition (6), we Fixing d by virtue of condition (5), we take the
take the number d so small that number r, so large that
C
2 [la-Gotezr-pe - yponax < G [la-Gol - ax <
Pq Pa
Then

f lq_ (O U2(0)dx < ¢ f (VU Iy [22m4 4 |y[r-2m U2 (y))dy
Pg

PdO

Summing up this inequality over all cubes of the
lattice, we obtained an estimate

flq_(x)le(x)dx <e J-(|VU|2|x|2+V‘2m + U?(x)|x|Y~2™) dx. (10)

Org Org

We Have
LU, ) =({(T+KU,U)=(1-a)T +aT)+ K)U,U) = ((1 —a)TU,U) + ((aT + K)U,U),
where 0 < a < 1.

Since
(Lu,U0) =z (1 —a)TU,U) + (aTU,U) +

+ [ =l 202 = N[22 — g_@)1V7 ax
Qg
Hence, by virtue of inequality (10), we will have

Lu,u) = ((1 —a)TU, U) + (aTU,U) + f[auo|x|—2m Uz +
0r,
Consider the expression

(1-a)TU,U) —¢ f(lVUlzlxIZ‘zm"V)dx.
Oy

Using inequality (2), it can be proved that
(1=a)TU,U) 2 C, [, |x["72™*2(VU)?dx, C, = const
]

Then moving from t to x and from V to U by
virtue of inequality (11) will have

LU, v) = f [@Bolx|~2™ + aN |x[Y-2m — By |x|~2m -
Qrq
—oN|x|V~2™ — g|x|Y~2™|U%dx
or

f (@Bolx| 2™ — Bolx|"2™ + N [x[F=2™ — BN|x|*-2m)U?dx >
Qo

. & 2 Clarivate
Analytics indexed



ISRA (India)  =6317 SIS(USA)  =0912 ICV (Poland) = 6.630
. ISI (Dubai, UAE) = 1.582 PUHII (Russia) = 3.939 PIF (India) =1.940
Impact Factor: g\ australia) =0564 ESJI(KZ)  =8771  IBI (India) = 4.260
JIF = 1500  SJIF (Morocco) = 7.184  OAJI (USA) = 0.350

> f ((a — Dyl + B N 4 ¥|x|y—2m> U2dx >

Qo

o —
> lexly‘szzdx.

Qo

Since a > B and y > 2m.Let the number

M > 0 be a point of a continuous spectrum, then

(LU, U) ZQ[ (a’;ﬁ

C, =const >0, and this contradicts our

assumption that M is a point of a continuous spectrum.
Since according to the corollary of Lemma C(£,) =
Cc(L).

and

The theorem has been proved.

Consequence.

Let all the conditions of Theorem 1 be fulfilled
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