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ON THE EFFECT OF HARMONIC WAVES ON AN ORTHOTROPIC
CYLINDRICAL SHELL IN AVISCOELASTIC MEDIUM

Abstract: In this paper, we consider the dynamic reaction of an orthotropic cylindrical shell (pipe) in a
viscoelastic medium that is subjected to seismic action. The cylindrical shell is infinitely long, therefore, the problem
of a plane deformable state is considered. It is assumed that the shell is completely connected to an environment of
infinite extent. Only axisymmetric and non-axisymmetric oscillations with an incident compression wave (transverse
or shear) were studied. The results were obtained for different characteristics of viscoelastic media - hard, medium
and soft. It was found that the orthotropic parameters do not affect the reaction of the cylindrical shell. The degree
of influence of orthotropens strongly depends on the degree of rigidity of the environment.
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Introduction cylindrical layer and the environment under the
Setting the task. An infinitely long, influence of longitudinal (or transverse) harmonic
homogeneous, isotropically deformable cylinder with waves. Under the assumption of a generalized
an ideal compressible liquid, located in an infinite deformed state, the equation of motion in
viscoelastic medium, is affected by a harmonic displacements has the form [1]
expansion wave (transverse or shear) (Fig.1). The front 0%, 1)

(4, +2p;)graddivd; — arotroti; +b; = p, et

of the harmonic (or seismic) waves can be parallel to
the axis of the cylinder. Here are the outer and inner
radii of the cylindrical layer. The main purpose of the

work is to determine the stress-strain state of the
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Fig.1. Calculation scheme.

where A; and g, (intheindex, j=1, 2, j=1-refer
to the environment, j = 2 - to the layer) are the operator
modulus of elasticity

2, (t) :ioj[f(t)— jRg”(t—r) f (r)d‘r:|,

i f(t):,uo{f(t)— jRS)(t—r)f(r)dr}

Hj — vector of density of volumetric forces (b;=0);

f (t)— some function;
(1)

R, (t—7)and

Aoj» My -instantaneous

p;— density of materials,
R® (t — ) -relaxation  core,

elastic modulus of a

viscoelastic material, uj(urj,uq) -displacement

vector, which depends on r,68,t. For velocity

potentials of liquid particles, at pressures up to 100
MPa, motion in the liquid is satisfactorily described by
wave maotion. [2]

1 d°p, ' )
C2 o’

where C, is the acoustic speed of sound in the liquid.
The potential and ¢, the fluid velocity vector are
V =gradp, related by the dependence. The fluid
pressure is =R, determined using the linearized

Ag, =

Cauchy-Lagrange integral - the fluid pressure on the
wall of the cylindrical layer and p, - the density of the
fluid. Under the condition of continuous flow of liquid,
the normal component of the velocity of the liquid and
the layer on the surface of their contact r = Ro must be
equal

99,
ar r=R,

_ aur2
ot
where are the displacements of the layer along U, the

normal. At the contact of two bodies r = R, the
displacements and stresses are equal (condition of rigid
contact)

, ©)

r=R,

url = ur2’ Oy1 =0y ; u491

= Uy, Uy = Uy,
= UrzZ (4,&)

Note that in the case of sliding contact of the soil
along the surface of the pipe, the last equation in (4)
will take the form [3]:

O-rﬁl = 0' O-rzl

Orgp = 0192, O

=0,0,, =0,0,,,=0. (4,b)
The boundary conditions free from load are set in

the form:
r=a; o,=0, 0,=0, o,=0, (4V)
where are normal ¢, and o, are shear stresses. The

corresponding stresses and displacements surrounding
the cylindrical pipes in the displacement potentials
have the following form [4,5]:

0° 0
=AVip+2 —
" ¢ ”Harz o 20 ok ar28 H
2
u-S2,1 %0, ex 1 %0 0¢ elfl
or r 06 oroé r 90 or r ooy
0 1 1 6°
R o £ (5)
or y Oy r oo
o°p 0 3y
=AVip+2 Viy-—
? ”{ G T )
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w =AVip+2u (7 la(p (18¢ a(p) Ox 1 6/
or ror’ ) r ro60 orod r\ordy r ode oy
2 2 3
o =p2 200 100,109 8(150)) vod 1 90X
rooy r° o6 2 06°? or\r or r orooy
3
arx=y28‘”+1a“’+ OL_ 2 vyl
orox r 06ox O0yox or
2 0°p  Op 2 0%y 10 ,., .
= — — =+ _—— 1
oo ﬂ{r oaox arax v oae rao" X
2f 2
Rt (AN AN
ror\ or r< o6 Ox
We accept the integral terms in (1) as small, then Here 2 — (A, +2u4,,)/ p; €2 = iy, | p-
the function, where is a slowly varying function . P .
I =1-T°-il* I =T=I°T;=I,=I",R, =R, =R

o(t) = w(t)e "= of time, @, is a real constant. Next,

using the freezing procedure [6], we replace relations
(2) with approximate ones of the form

Z(p:ﬂ'l)l[l_rﬂc(a)R)_irls(a)R)];

ﬁ(”:ﬂm[l_l—f(a)R)_irj(wR)]‘pl (6)

r,° (a)R)zj‘Rl(r)Cosa)erf; T, (wg)=
0
0

FC

"

ot— 8 oe—,3

(wq)= R, (r)cosw,rdz, Fys (0q)=

- respectively cosine and sine Fourier images of the
relaxation kernel of the material. We represent the
vector of environmental displacements in the form of a
potential

u=grad ¢ +roty, divy, =0,

R, (¢)sinw,rdr,

Rﬂ(r)sina)RTdr,

The solution to equation (7) is sought in the form:

}eﬂypzeimt;
}e

8

cosnéd

{—sin no

(r.6,2.t) Z%r {sin ne
(//,,(r,H,z,t)=iV/ng (ﬁr){ }eﬂypze—imt;
(020 = S (50| e

Jr'}/pzefiwt
cosnd '

w noi i cy -di i i
here n is an integer; Yo dimensionless propagation

@ (r.0,2,t)= an (ar)

n=0

©)

+iypz e—ia)t.
cosné '

cosnéd
—sinn@

h
a ay
Substituting (8) into (7), we obtain the following
ordinary differential equations:

constant; - complex frequency; = a0

2

At each point, the components of the displacement d? Pn 1dg, , n? _o
vector of the surface of the cylindrical cavity are ar? rar \F T AT
expressed in terms of longitudinal (¢) and transverse 2
potentials (y ,w,,i,), Which satisfy the following d* 2V 1dl'”2“ +| p? _n_ v, =0;

L et ar’ v dr o
partial differential equations:

V2 — = 0; @) A’ 1dyy 1. 2 :
C,ZDFK ot? de+Fd_:+r_2(_n Wen+2nV/5n_Wen)+,B Yo =0;
1 &%y d? 1d 1
v 2 _ z — Q; Y 20w L 2 _ 2 —0-
l//Z CSZFK a t2 dr2 + r dr + r2 ( n Y +2nl//9n '//rn)+ﬂ Y 0'
2 oy, 1 8%y, Here are indicated:
VZ o 1/19 = ro_ o __ O, 5
Vo™ 2 r’ o6 c’r, ot? = % BP=QPIT, -k Q -2 2:2(17‘/)Fk,
14 C, 1-2v
2, Yo 20y, 1 Sy, _
Vi, 2 2 o0 cir,. ot? 0. s —7'“(“) 7 Sin(aarctg ﬂ)
o¢ 1oy, oy, (@ + %)
U =—-+-—>——" AL (ar) o
or r o0 oz re =9 Costoarcig %)
_10¢ oy, oy, (@ +p)" B
o — - - T T
roe oz or s . -
_o¢ a% NZ 1oy, At infinity, the potentials of longitudinal and
u +——=—", ;
z 62 or r r o6 transverse waves as r — oo satisfy the Sommerfeld
[ ]
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radiation condition [7,8]. The first two equations in (7)
obviously have the following solutions for the case of

a cylindrical cavity:
@, (r)=F, HY (ar):
l//zn (r) = MlnHr(;l) (ﬂr) '
Here {"(j,r) is the Hankel function of the nth
kind, 1st order. To construct solutions to the remaining
two equations in (7), it is advisable to consider their
sum and difference. In this case, two equations are

obtained, the solutions of which are expressed through
Hankel functions of different orders

(10)

()
E dH ™ (ar)
dr

u, _Z[ FAH®O (ar)/r+ D,y H!

n=0

0

= Z|:_Fn|7pHrgi)1(ar) - D2n|:

n=0

dr

Expressions (11) contain three arbitrary constants
F.,D,,,M,, and satisfy Q the equation of motion for

arbitrary values of frequency. In the case of a stress-
free cylindrical surface and when the normal (g, =0 )

and tangential stresses (o, = o,, =0 ) on it are equal
to zero, the dispersion equation has the form:
le;[=0. i.j=0,1,2,3- (12)
31ech

=(n’ 1£Y+7JH§(x

(" -1-F)HL(B),

2( D[ BHE(B)-nHY (8) |- BHE(B),
aH (@)~ (n+)H (),

= BHA(B) - (+DHP (),
Cp=(2n* +n—y ) H(B) - 2HI(B),
Cy =aHY (@) -nH® (),
Cy, = (1% 12y7)(HZ(B) —nH P (B)),
C33:n2Hr(\l)(ﬂ)-

C21

Equation (9) for each value n = 1,2,3, determines
the relationship between the dimensionless frequency
Yo and () the dimensionless propagation constant at

v - Poisson's ratio. The most effective way to solve
equation (12) is the Muller method [9,10], which was
used here. Without revealing the frequency to
determine, but by calculating at each step only Q its

+ DZnIypHr(\i)l(ﬁr) + MlnnHrgl) (ﬂr)/ r:|(

Hoalfr) 041 Hsﬂ(ﬁr)ﬂ[

W (1) = Dy H (1) + Dy HE (1),
Vin (1) = Dy (BT) = D, HY (Br)

After finding the functions of the radial coordinate,
representations (10) will contain four arbitrary
constants that have a certain redundancy. In what
follows it is assumed: [, =0, then

YWk = —Won- This is convenient from the point of

view of subsequent satisfaction of boundary conditions
on a cylindrical surface. Thus, the components of the
displacement vector in the vicinity of the cylindrical
cavity are represented as:

CO'S no ei(—wH;/DZ) s
—sinn@

}[S in n&) ei(,mwpz) ’
cosng

co.sne Jei(ﬂ%z) _
-sinné

value for a fixed value, the indicated method can be
used to find Q=0 +iQ, the natural complex

frequencies.Damping coefficients allow us to judge the
damping properties of the system under consideration.
In technology, to estimate the rate of attenuation of
oscillatory processes, another characteristic is used,
namely, the logarithmic decrement of oscillation
attenuation. It is related to the damping coefficient by
the following formula:

0=27Q, 1y
All expressions for stresses and displacements
have the form:
(Re+ilm)e ™ =(Re’+ Imz)ﬂ
As you can see, the solution to the problem is
expressed through special Bessel and Hankel functions
of the 1st and 2nd kind. As their argument increases,
series (8) converges. Therefore, based on numerical
experiments, it was established that out of 5-6 terms of
the series, the accuracy reached 10-® — 10-5. As the
relaxation kernel of a viscoelastic material, we take the
three-parameter kernel

R(t)=

Rzhanitsyn - Koltunov [11,12], which has a weak
singularity, where A, «, gare the parameters

materials. Equation (12) is n >0 valid for all integers.
Each value determines the properties of natural waves.
For example, we have a family n=1 of bending
natural waves. When n =0 the dispersion equation is
reduced to the product of two factors of the element of
the second row of the third column. The first of these
factors gives the dispersion equation for the family of

H{ (6r)
dr

11

n+l (ﬂr) M 1n

2 gmiet—r),

Ae 2

tl—a

(13)
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torsional natural waves. The second factor gives the
dispersion equation for the family of longitudinal
natural waves on the surface of the cavity.
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