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Abstract: In this work, The amplitudes of displacements and stresses decreasing with depth are estimated for a)
a gradient-elastic half-space; b) a half-plane consisting of a Kossera medium.[2,3] The mathematical formulation,
solution methodology, and algorithm for the problem of wave propagation in long-layered flat viscoelastic
mechanical systems were developed for the Kossera medium.[7,8]
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Introduction

The study of the propagation of surface waves
began in past centuries. In 1885, the English scientist
Lord Rayleigh (John William Street) theoretically
showed that a surface wave can propagate along the
flat boundary of a rigid elastic half-space if it is
confined to a vacuum or a sufficiently rarefied
medium (for example, air). He found that its
amplitude decreases rapidly with depth. These results
have achieved significant results in seismology.
Therefore, conducting research was relevant [1,2,3].
These waves, called Rayleigh surface waves, are
applied to different directions of practice depending
on the frequency range. Later it was also discovered
that Rayleigh waves in the low-frequency range (1 -
100 Hz) are the main type of waves observed during
earthquakes. Therefore, they have been studied in
detail in seismology for many years [4]. One of the

Doi: &os¥& https://dx.doi.org/10.15863/TAS.2025.04.144.15

fundamental laws of Rayleigh wave propagation in an
elastic medium is its non-dispersion, i.e., the wave
velocity does not depend on its frequency. This is
constant for each material, reaching a transverse wave
velocity of 0.87 - 0.96. The displacement vector has
longitudinal and transverse components, the
transverse wave component is always greater than the
longitudinal wave component [5]. In 2000, V.V.
Krylova studied the elastic vibrations emitted by trains
and cars. The theory he created was experimentally
confirmed in 1997-1998. On some sections of the
high-speed train line in Sweden (Goteborg-Malme),
the speed of Rayleigh waves was 45 m/s, and the train
speed, moving at a speed of 160 km/h, was sufficient
to observe the effect [6,7]. It should be noted that the
existence of critical speeds of freight movement
(train) is indicated in railway instructions, exceeding
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which creates bending waves, which was discovered If a characteristic wave propagates in a half-
in the first half of the 1980s. plane, then the wave propagation equation, as given

[8], is reduced to the following form.
Propagation of a characteristic wave in a

viscoelastic half-plane consisting of a Kossera
medium

Figure 1. Rayleigh wave propagation

We obtain a system of ordinary differential
equations with complex coefficients

(21, + 1,)graddivl, — (@, + 1, )rotrotU, + 2a,rotQ, + p,w?U,(z) = 0, )
i, (x,2,8) = Up{U,(2), U, (2), Uy (2) Je G300
0,(x,2,t) = Qp{W,(2), W, (2), W, (2) Jei(x—w0) @

If we substitute (2) into (1), we obtain the
following system of ordinary differential equations:

d?Uy(2)

- - _ o= =AU (2) AW, (2)
(an+un)7+(pnwz—k2(/1n+2yn))Ux(z)+Lk(—an+un+/1n) -2 Y2 =0

dz R ’

— 2 _ 2
(Tn + 20) S22+ (po? = k(@ + i) ) U, (2) + ik (=, + i + 1) S22 = 210, W, (2) = 0,

d dz?
_ . d%U(2) —— _d?U,(z)
(@, + it,) SPT ++ (pnw2 — k(2 + un)) U,(2) + 2a, 17 2ika,W,(z) = 0,
_ o dPU(2) o _ dPU(z) .
(Vn + Sn)T;+ (pnwz - kZ(Yn + gn) - ZanT;CZ - ZlkanUz(Z) =0,
2 2

o+ &) 52+ (pn? = K2 + £) — 48, (2) + 2@, =52 — 2ikiZ, U, (2) = 0, ®)

_ o\ d?U(2) — _\d*U(z) __ dU,(2)

(Vn + gn)v + (pnwz - kz(zﬁn + Yn) - 40511)7 — aQp dz =0,

_ 5\ d?Uy _ _ _ , = dau I
(yn + Zﬁn) :ZZ(Z) + (pan - kz(gn + yn) - 4an)VVz(Z) + lk(zﬁn - gn)% - ZlkanUy(Z) = 0;

To simplify the problem-solving and calculation of equations (3), we introduce the following new
process, we reduce all dimensional quantities to variables.
dimensionless form. To solve the last obtained system U,(2) = ikd,(z) — d‘l;lz(z)'
[ ]
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Uy (2) = ikdy(z) - =22, W,(2) = k¥ (2) + 222 (4)
Uy(2) = Q,(2),
W, (2) = Q,(2), If we substitute (4) into (3), we obtain a second-
. dd,(2) order ordinary differential system with complex
Up(2) = ik, (2) + = =, coefficients.

dzq)l(z) 2
2 Cl —k? |, (2)=0
2
Oy (— — k) W1 (2) +20,(2) = 0,
d%Q4(2) w2 5 44%B 24 de‘{—'l(z) 2k%A%B
2 (- k M) 0, (z) - LEEND L B A Dy () =0, (4)
d2d,(2) 442BC2
— 2 =k ———2 | d,(2) =0
azz T 652 (B—1)C? 2(2)
2 2
2+ (ke ~ ) g (2) +220,(2) = 0,
d?a 2 d?W¥,(2)
£ +( — k) Q,(2) - 220 +—qu( )=0. (5)

The solutions of the above system of ordinary
differential equations (5) are as follows.

¢)1 (Z) = Eoe_noz
l'pl(z) = Ele_nlz + Eze_nzz,

B 2\ 2.
0(2) = ;{El (X1 - ?—32) e M? + E,(x, — (;’—32)3 7122} (6)
similarly, the second group of solutions can be found

®,(z) = Dye %07, l112(2) = Dle—flz + D,e~%2%,
4A%B _
0(2) = g (D10 - L+ 47} 7.9)

here
B L
A=X, B(y+s) T = € V+5
AO + 2'[,[0 B
i i L
Cc2 = Y0+50 2 _ Yot2Bo
4 ]X2 2“5 ngw(z) ’
Where C; and C; are taken as the same as the parametrs, Csis included to reduce the notation. Using
concept of longitudinal and transverse wave the above
propagation, C4 and Cs are called the Cossssera U, (2),W, (2)- we can also write the solutions

U,(z) = ikEye 0% + E;n e "M% + E,n,e 127

B—-1 &z w? 447 &,z
Uy(Z)=m D, xl_C_f+B—1 e st +D2(x2—C—4%+B )6 2

U,(z) = noEge 0% + irE e "M% 4 (kE,e 2%

( w? 4A%B

W,(z) = ikDye%0% + ikD e %1% + ikD,e~%2%, (7,b)

B w? w?
W (Z) - E1 x1 2 6_7712 + Ez(xz - _2
C3 C3
W,(z) = lkDoe $0% + ikD,e%0% + ikD,e %17 + ikD,e %27
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here

= |pz_@2 g _ [p2 44%BCE @2,

no_\/k cf’f‘)_\/k +(B—1)c52 cz

m =& =vk*—x,n, =5 =Vk*—x;

Ci+C?

w? + 4A?

The following volumetric wave propagation
speeds are known for the Cossera medium

, _At2p . BH2y , p
= y Cir = ol y Cs =/_);
) puta y+e
Csa = y Csr = pI.

Based on the obtained solution, the problems of
free wave propagation or stimulated (stationary or
harmonic, unstable) wave propagation in the Cosser
medium are solved.

det,[Dy1(w, k)| = 0,dety[ Dy, (w, k)] = 0 (8)

The dispersion equation (8) is obtained in
analytical form. Since the medium is viscoelastic, the
unknowns in the dispersion equation are complex
quantities. The complex-parameter transcendental
equation (8) is solved numerically using the Miiller
and Laplace methods. Below is a general algorithm for
finding the dispersion relation and obtaining
numerical results in structures consisting of a
multilayer Cossera medium. Conclusions are drawn
on the formulation, methodology, and algorithm of
problem-solving. In the calculations, a Rzhanitsyn-
Koltunov kernel with a three-parameter weak
singularity was obtained for nuclear relaxation.

R(t) = Ae Btt1-«

Algorithm for solving the dispersion relation
in structures consisting of a multilayer Cossera
medium

When studying the propagation processes of
damping waves in a homogeneous medium with an
elastic layer with plane-parallel interfaces, it is first
necessary to determine the dispersion properties of
these waves. Dispersion characteristics refer to phase
and group velocities Vg and Vg, Qi understood as the
coefficients of wear over time. As is known V4 and
Q-

The values are related to the value of the root of
the variance equation.

AMw,§) =0 9)

Formulas
Vy = Imw(§),Q; = —Rew(¢), Q; = —Rew($),
where w —complex frequency, & — wave number.
When solving the problems of propagation of
stress waves in a viscoelastic medium, we arrive at
frequency equations with complex coefficients and
roots. Solving complex root frequency equations,

s g |(CE=CEP  242(C3CE—2C3CE +CECP)
= | 4cict

CC3cy

which are often complex transcendental equations, is
also difficult when using computers. In addition, it is
necessary to take into account that to obtain the phase
velocity or wavelength, the task must be repeated at
different constant frequencies.

It is advisable to directly determine complex
roots using Miiller's methods. For complex roots, the
Miiller method simplifies calculations and provides
convergence faster than the Barstou method if the
roots are close to each other [9]. Miiller's method uses
quadratic interpolation, resulting in a form iteration:

. . . ) 2C;
zU+1 = zUl — zUl — zU-1h_—_—2__sionB
( VBpaa G "

here
A= gifi — i1+ g)*fi—1 + gifj-2
By = (2g; + Df? — (1 + g)*fj—1 + 9ifj—2
G = (g: + Df;; f; = f(ZU);
zUl — zU-1]
9 = 700 _ z-2a1+)
To start solving
zI9 = zo0; zIY = Z01; 2121 = Z202;
Z00,Z01,Z02 —solution of elastic problem.
When studying a surface wave (Relay wave) in
a half-plane in a classical medium, it does not depend
on (2). That is, the wave does not undergo dispersion.
This equation (1) is a transcendental equation with a
countable number of complex roots, but infinitely
many imaginary roots. This equation is solved based
on the algorithm and program developed in the second
chapter. Obtained in calculations
A =0,048; g =0,05; «a =0,10
Currently, an effective way to take into account
the wviscosity property is the three-parameter
Rjanitsyn-Koltunov relaxation kernel, which takes the
Poisson's ratio as constant.
Ri(t) = Aje Pit et~
Influence function
The usual conditions for
(t =1 except for a point),
monotonicity are as follows:

dR(b)

=012

integrality, continuity
definite sign, and

[ee)

R>0,

s0,0<fR(t)dt<1

0
The following quantities were used to obtain
numerical results
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Figure 1. Change in the actual part of the surface wave velocity depending on the wave number:1,4-surface
wave velocity; 2.3 - phase velocity of the displacement wave

The change in the real and imaginary parts of the
surface wave velocity depending on the wave number
is shown in Figure 1.
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Figure 2. Change in the real and imaginary parts of the surface wave velocity depending on the wave
number:1,2 - phase velocity of the displacement wave;3-surface wave velocity;

The results were obtained for dimensionless
parameters. The results were obtained for two values
of the Poisson's ratio. Firstv = 0,25 (continuous
lines) and v = 0,45 (continuous lines). As can be seen
from the picture, it will @ = ©,{ = 2,cz = V2
happen.

Figure 2 below shows the change in the phase
velocity ¢z and the displacement or  transverse)
wave depending on (the wave number of the surface
wave Vr.

Used in calculations v=0,45. From the obtained
results, it follows that the velocity of the surface wave
does not exceed the velocity of the displacement
wave. The distribution of stresses and displacements

can be calculated using displacement potentials. They
have the following form.

Conclusions

1. A methodology and algorithm for complex
arithmetic have been developed using methods for
calculating the Miiller and matrix determinants.
Problems were also posed through displacements
(Lame's equation).

2. The dispersion relation was studied Q(w =
wg +iw;) depending on the dimensionless
wavelength of the complex frequency. The absolute
error 18*10%* of calculating eigenvalues (the result
after substituting the eigenvalue into the equation) is
equal to.
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