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Introduction 

Today, reducing the negative impact of 

microvibrations generated during wave propagation 

and increasing the strength of parts and devices is of 

great scientific and practical importance in the world. 

Due to the widespread use of modern techniques and 

technologies for structural materials with unique 

physical and mechanical properties, the creation of a 

methodology for studying the properties of wave 

propagation in plate and cylindrical viscoelastic shells 

in contact with the medium is a pressing issue. 

Viscoelastic materials include polymers, 

composites, concrete, rocks, metals at high 

temperatures, and others. It is known from the 

literature that at ordinary temperatures (from -20 to 

+200°C), metals possess elastic properties [11,12]. If 

the temperature is above +20000C, it exhibits 

viscoelastic properties. 

Plastic is close to elastic properties at 00°C. At 

temperatures above +500C, it exhibits viscoelastic 

properties. Therefore, instead of dividing materials 

into elastic and viscoelastic, it is possible to talk about 

the elastic and viscoelastic state of the material 

depending on temperature or other factors. Other 

properties of materials include factors arising under 

the influence of external loading. 

For example, a material made of elastic materials 

can absorb external impact or dissipate energy in a 

mechanical system during vibration. The presence of 

new variable properties (time t) makes it more 

difficult to calculate structures made of viscoelastic 

materials compared to the calculations of the theory of 

elasticity. The main difficulty here is to establish the 

relationship between the stresses and deformations of 

a viscoelastic body [9,10]. 
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Figure 1.  Kelvin-Foig's model.  Dependence of the phase velocity c, the group velocity сg, and the 

attenuation coefficient γon the frequency ω/2π for sinusoidal waves 

 

There are several approaches to establishing 

these relationships. One of them is based on simplified 

mechanical models (Foygt and Maxwell models), in 

which the elastic properties are described according to 

Hooke's law, and the viscous properties according to 

Newton's rheological law. At the same time, these 

models do not reflect the actual motion of the loaded 

material made of a viscoelastic material and do not 

satisfactoryly coincide with the experiment. For 

example, the Foigtt model does not have the property 

of stress relaxation (Fig. 1). and Maxwell's model only 

implies a linear law of change in deformation over 

time, which takes into account relaxation. 

 

 
Figure 2. Maxwell model. Dependence of the phase velocity c, group velocity Cg, and attenuation coefficient 

𝛄on the frequency 𝛚/𝟐𝛑  for sinusoidal waves 

 

By generalizing the Foigth and Maxwell models, 

it is possible to obtain more complex combined 

models (generalized Kelvin-Foigth-Meier model), 

which in many cases turn out to be very suitable for 

describing the processes of slippage and loosening 

(Fig. 1 and Fig. 2). The use of the viscoelastic analogy 

allows replacing the modulus of displacement of the 

material and the modulus of elasticity with the 

operators G and E when deriving the basic equations, 

therefore [8]: 

𝐺 = 𝐺′ (1 + 𝜂1

𝜕

𝜕𝑡
) , 𝐸 = 𝐸′(1 + 𝜂2

𝜕

𝜕𝑡
) 

Standard viscoelastic body 

𝐸 (
𝜕

𝜕𝑡
) =

𝐸𝜕
′′+𝐸𝜕

′′ 𝜕

𝜕𝑡

1+𝜈2
𝜕

𝜕𝑡

, 

𝐺 (
𝜕

𝜕𝑡
) =

𝐺∞
′ + 𝐺𝜕

′′𝜈1
𝜕

𝜕𝑡

1 + 𝜈1
𝜕

𝜕𝑡

 

Based on solutions involving the time factor, 

harmonic processes can be written 𝑒𝑖Ω𝑡 in harmonic 

form, and viscoelastic operators in a more general 

form 
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𝐺(𝑒𝑖Ω𝑡) = (𝐺𝛾
′′ + 𝑖𝐺𝑖

′′)𝑒𝑖Ω𝑡, 𝐸(𝑒𝑖Ω𝑡)

= (𝐸𝛾
′′ + 𝑖𝐸𝑖

′′)𝑒𝑖Ω𝑡 

In this case, the real and imaginary parts of the 

complex module usually depend on the frequency 

values. A clear solution to the problem of wave 

propagation of multilayer structures is possible in 

some special cases 

𝜆̅𝑗 =
𝜈𝑗𝐸̅𝑗(𝜔)

(1 + 𝜈𝑗)(1 − 2𝜈𝑗)
;    𝜇̅𝑗 =

𝜈𝑗𝐸̅𝑗(𝜔)

2(1 + 𝜈𝑗)
 

𝑢̅(𝑢𝑥 , 𝑢𝑎 , 𝑢𝑟) - displacement of medium points 

𝜈𝑗- Puasson koeffitsiyenti, 𝐸̅𝑗(𝜔) -complex 

modulus of elasticity (Yung modulus), which has the 

form: 

𝐸̅𝑗(𝜔) = 𝐸𝑗(𝜔)[1 + 𝑖𝜂𝑗(𝜔)] 

𝑔𝑟𝑎𝑑𝑓 =
𝜕𝑓

𝜕𝑟
𝑘̅𝑟 +

1

𝑟

𝜕𝑓

𝜕𝜃
𝑘̅𝜃 +

𝜕𝑓

𝜕𝑥
𝑘̅𝑥; 

𝑘̅𝑟 , 𝑘̅𝜃, 𝑘̅𝑧- unit vectors; 

𝑑𝑖𝑣𝑈̅ =
1

𝑟

𝜕(𝑟𝑢𝑟)

𝜕𝑟
+

1

𝑟

𝜕𝑢𝜃

𝜕𝜃
+

𝜕𝑢𝑥

𝜕𝑥
, 𝜆 =

2𝜈𝐺

1−2𝜈
,  𝜇 = 𝐺 

 

In many cases, viscosity and energy loss are 

introduced by relating the modulus of elasticity to 

frequency in a complex form: 

𝐸(𝜔) = 𝐸𝑚𝑖𝑛 + 𝐸𝑚𝑎𝑥 [1 −
1

1 + (𝛽𝜔)𝑛
] 

𝜂𝜔 =
𝑛𝜋𝐸𝑚𝑖𝑛(𝛽𝜔)𝑛

2𝐸(𝜔)[1 + (𝛽𝜔)𝑛]2
 

For ordinary materials, the modulus of elasticity 

is taken as follows. 

𝐸′′ = 𝐸(𝜔)𝜂(𝜔) =
𝑛𝜋𝐸𝑚𝑎𝑥(𝛽𝜔)𝑛

2[1 + (𝛽𝜔)𝑛]2
 

In general, there are different approaches to the 

selection of the relaxation kernel of the hereditary-

elasticity theory. The relationship between stresses 

and displacements satisfies Hooke's law with operator 

coefficients [6, 7]. 

𝜎𝑖𝑗𝑘 = 𝜆̃𝑘𝜃𝑘𝛿𝑖𝑗 + 2𝜇̃𝑘𝜀𝑖𝑗𝑘  

Here 𝜆𝑘, 𝜇𝑘 - operator modulus of elasticity, 𝜀𝑖𝑗𝑘  

- elements of the strain tensor,𝜃- volumetric strain, 

𝜆̃𝑘𝑓(𝑡) = 𝜆0𝑘 [𝑓(𝑡) − ∫ 𝑅𝜆𝑘(𝑡 − 𝜏)𝑓(𝜏)𝑑𝜏
𝑡

0
]; 

𝜇̃𝑘𝑓(𝑡) = 𝜇0𝑘 [𝑓(𝑡) − ∫ 𝑅𝜇𝑘(𝑡 − 𝜏)𝑓(𝜏)𝑑𝜏
𝑡

0
]; 

𝑓(𝑡)- arbitrary function of time; 

𝑅𝜆𝑘(𝑡 − 𝜏), 𝑅𝜇𝑘(𝑡 − 𝜏)- relaxation nucleus; 

𝜆𝑜𝑘, 𝜇0𝑘  --instantaneous modulus of elasticity 

The kernel of the integral operator of the 

fractional-exponential function of Y.N. Rabotnov is 

expressed as follows 

𝐴Э𝛼
(𝑛)(−𝛽, 𝑡) = 𝐴𝑡𝛼 ∑

(−𝛽)𝑛𝑡𝑛(1+𝛼)

Г[(𝑛+1)(1+𝛼)]
∞
𝑛=         (2) 

 

𝜈[𝑓(𝑡)] = 𝜈0 +
1 − 2𝜈0

2
Г𝑘

∗  

Г∗𝑓(𝑡) = 𝐴 ∫ Э𝛼(−𝛽, 𝑡 − 𝜏)𝑓(𝜏)𝑑𝜏,    

𝑡

−∞

    

𝛽 > 0, −1 < 𝛼 ≤ 0, 𝐴 < 𝛽 

Here   

  𝐺(𝑗)  = ∫ 𝑦𝑗−1exp (−𝑦)𝑑𝑦
∞

0
 - gamma function, E0, 

ν0–instantaneous values of Young's modulus and 

Poisson's ratio, A,β,α - viscosity parameters of the 

material, 𝑓(𝑡) - arbitrary function of time. 

The following given values are used to obtain 

numerical results: 

𝛼 = 0,100237, 𝐴 = 0,07316𝑐−1,  
𝛽 = 0,05024𝑐−1, 𝛿𝑚𝑎𝑥 = 57 ∗ 10−5,  

𝑐 = 9,9816𝑀𝑃𝑎 

Currently, the most effective way to take into 

account the viscosity property is the three-parameter 

Rzhanitsyn-Koltunov relaxation kernel, which takes 

the Poisson's ratio as constant: 

𝑅𝑖(𝑡) = 𝐴𝑖𝑒
−𝑏𝑖𝑡/𝑡1−𝑎𝑖 

Here 𝐴𝑗- amplitude of the viscosity kernel, 𝛼𝑗and  

𝛽𝑗- parameters of the viscosity kernel [5]. In 

calculations 

𝐴 = 0,048;  𝛽 = 0,05;  𝛼 = 0,10 

The usual conditions 𝑅𝑗(𝑡 − 𝜏) for integrability, 

continuity (𝑡 = 𝜏 except for a point), definite sign, and 

monotonicity of the action function are as follows: 

,0
)(

,0 
dt

tdR
R   



0

1)(0  dttR  

Such problems are one of the main problems of 

the mechanics of deformable solids. In the eighties of 

the last century, the scientific school of M.A. 

Kоltunоv and I.Е. Trоyanоvskiy laid the foundation 

for the theory of quasistatic deformation of 

dissipatively- homogeneous and inhomogeneous 

mechanical systems. This theory was later generalized 

for solving dynamic problems in the works of V.P. 

Maybоrоda, M.M. Mirsaidоv, I.I. Safarоv, V.M. 

YAganоv, A. Balakirоv, and others. 

Systems with identical viscoelastic properties of 

elements are called dissipatively homogeneous, and 

systems with different rheological characteristics are 

called dissipatively inhomogeneous. 

Systems whose elements have the same 

viscoelastic properties are called dissipatively 

homogeneous, and systems with different rheological 

characteristics are called dissipatively 

inhomogeneous.  

Issues of wave propagation in elastic waveguides 

in the form of rods, plates, and tubes have been 

considered in many literature sources [3, 4]. In terms 

of their characteristics, these waves are similar to 

Lamb waves and the obtained SH-polarization waves. 

The main goal of this chapter is to study the 

dissipative properties of long cylindrical mechanical 

systems during the propagation of harmonic waves. In 

most cases, the propagation of an elastic wave in 

bounded bodies represents the phenomenon of 

dispersion, in which the speed of propagation of 

infinite monochromatic sinusoidal waves is a function 

of the wavelength (or frequency). Dispersion plays an 

important role in the study of pulse voltage waves. 
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The momentum can be considered as sinusoidal 

(with different frequencies) components of the Fourier 

integral (for bodies moving at different speeds). 

From this it follows that the shape of the pulse 

changes as it begins to move from the point of origin, 

or, in other words, dispersion changes. When 

analyzing the phenomenon of dispersion, it is first 

necessary to determine the change in the wave 

propagation velocity (phase velocity C) relative to the 

wavelength λ [1,2]. 

This part of the analysis consists in finding 

solutions to the general differential equations of 

motion of a deformable solid body, which change 

according to a harmonic law and satisfy certain 

boundary conditions. In practice, equations 

expressing boundary conditions are so complex that 

this stage can be completed only in some special cases 

when using exact equations. The velocity S is called 

the phase velocity, since it represents the distance 

traveled per unit time by a point having a constant 

phase (say, a maximum or minimum). It necessarily 

coincides with the velocity of propagation of the 

impulse, denoted by V, which is called the group 

velocity. To determine the group velocity V, a lying 

curve of the impulse is drawn, and the distance 

traveled by this lying curve per unit time is measured. 

It can be shown that the grou p velocity V: 

𝑉 = 𝐶 − 𝜆
𝑑𝑐

𝑑𝜆
= 𝐶 + 𝜔

𝑑𝑐

𝑑𝜔
            (3) 

is equal to. 𝐻𝑒𝑟𝑒 𝑆, 𝜆, 𝜔, 𝑑𝑐/𝑑𝜆 and 𝑑𝑐/𝑑𝜔 are the 

average values over the frequency interval 

representing the main part of the pulse. Since wave 

propagation is for directions, one direction is chosen. 

For example, 𝑘1 the wave number, then 𝜔 = 𝑘1S - 

complex frequency, 𝑆 (𝑆 =  𝑆𝑅  + 𝑖𝐶𝐼 )- complex 

phase velocity. To determine their physical meaning, 

let's consider two cases: 

1) 𝑘 = 𝛾𝑅 , 𝑆 = 𝑆𝑅 + 𝑖𝐶𝐼 - then the amplitude 

of the solution (3) takes the form of a sinusoid with 

respect to the x-coordinate, attenuating with respect 

to time; 

2) 𝑘 = 𝛾𝑅 + 𝑖𝛾𝐼; 𝑆 =  𝑆𝑅 , - then the oscillation 

will be stable at all points x, but will decay along the 

x-axis. 

3)  In both cases, 𝛾
𝑅

 either the imaginary parts 

of 𝐶𝐼 characterize the intensity of the dissipative 

process. 

If the velocity C increases with a frequency 

C<V, then the lying curve will be greater than the 

velocity of the individual frequencies that make it up. 

If the velocity C decreases with a frequency C>V, then 

the reverse situation is observed. Dispersion is an 

important factor for several reasons, but it is important 

that the pulse energy propagates at a speed of V. Also, 

the dispersion of bulk waves follows from many 

theories proposed to account for wave attenuation, but 

in practice it is not observed. 

Summary 

In conclusion, we analyzed the literature devoted 

to finding the dispersion equation expressing the 

propagation of waves in a cylindrical shell with a 

liquid in the general case using the Lame equation. 

The concepts of wave propagation and wave 

dispersion in an elastic medium and the literature 

devoted to their study were analyzed. Waves in the 

semi-elastic plane and the contact of two media 

(Stone) were also analyzed. An analysis of the 

literature devoted to obtaining a dispersion equation 

describing wave propagation, taking into account the 

viscoelastic properties of materials, is also presented. 
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