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Abstract: In the context of solving problems in mechanics described by second-order differential equations and
systems of differential equations with variable coefficients containing a large parameter, questions arise regarding
the calculation of characteristics related to changes in the parameter. Consequently, questions arise regarding the
influence of the parameter and its variation on the general solution of the system. The present article considers the
determination of the general solution to a homogeneous 2nd-order differential equation system with variable
coefficients, containing a large parameter and having multiple roots of the characteristic equation.
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Introduction constituent elements of the object under scrutiny
Mathematical models in mechanics problems are exhibit substantial variations in their characteristics,
characterized by a high degree of complexity. In the the implementation of suitable parameters becomes
context of linear problems, the presence of a wide imperative. This facilitates the execution of an
range of numerical values for the system's parameters, asymptotic analysis of the mathematical model or the
the high order of the differential equations, the numerical method employed in addressing the
variable coefficients in these equations, and the large problem. It is evident that the asymptotic analysis of
number of algebraic equations results in a complex complex mathematical models of mechanical systems
interplay of factors that complicates both analytical can vyield simplified versions of these models.
investigation and the derivation of a numerical Furthermore, the utilization of numerical methods in
solution. Conversely, in instances where the subsequent research can be facilitated by this analysis.
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The analysis demonstrates that the asymptotic ) vy, 1
behavior of the numerical algorittm is highly ||aij ” =llo vl 3

significant for large integration steps. It is evident
from this analysis that novel methodologies for the
numerical resolution of problems can be proposed for
a range of mechanical problems.

When solving a system of 2"-order differential
equations:

Yy, tany, +apy, = 0'}

. @
v, +a,y, +ayy, =0,

with coefficients a;; expressed in the form:

a;(t,2) = A”ag(t) + A”_lag_l(t) + -+ ap (1)
it is assumed that, as the time t varies within the

interval under consideration, the roots of the
characteristic equation:

® ®
a;; tu ) —0 @)
(2] (2] -
azﬁ azg +u

are distinct and do not tend to zero. This assumption
made it possible to apply the method of asymptotic
expansions to solutions of differential equations
containing a large parameter.[1]

In the event that system (1) is found to possess
multiple roots, this fact must be taken into
consideration. The investigation will ascertain the
manner in which the presence of multiple roots will
affect the solution of the system. It is evident that the
presence of repeated roots can give rise to the
emergence of internal resonances. Consequently,
internal resonances will induce a qualitative change in
the behaviour of the solutions, signifying that
oscillating solutions will begin to manifest periodic
changes, the growth characteristics of aperiodic
solutions will undergo modification, and so forth.

However, it should be noted that multiple
roots do not invariably result in the occurrence of
internal resonances. It is conceivable that a system
exhibiting multiple frequencies may demonstrate a
behaviour analogous to that of a system with non-
multiple frequencies. To illustrate this point, consider
a spherical pendulum. This system exhibits multiple
frequencies yet does not lead to the emergence of
secular motions. [2]-[3]

The question of how system (1) behaves in
the presence of multiple roots depends on whether the

elementary divisors of the matrix ” ai(;’) ” of the form:

:.<'

2

where y, are roots of the characteristic equation (2).[4]

If the multiplicity of the elementary divisor is
two, the Jordan form of the matrix of system (1) is

given by:
| _|Ir 1
[ =115 )

It should be noted here that in both cases where
Y, =Y, =7, the root of the characteristic equation
has a multiplicity of two; the behavior of the solutions
to system (1) and the asymptotics as 1 — co will be
different.

A general analysis of systems in which the
characteristic equation may have multiple roots is not
only cumbersome but also difficult. It is important to
note that the coefficients of the characteristic equation
are dependent on the variable of time. This leads to the
potential for a multitude of scenarios to emerge.

Let us consider the case of simple elementary
divisors. To begin with, suppose that the rank of
system (1) is one. Next, suppose that the independent

(4)

variables are chosen such that the matrix ” al.(f) ” isin
Jordan form.[4]

Let us consider case (3). Given that the nature of
the roots, and thus the form of the Jordan form, depend
on time, this approach makes sense only if the
situation under consideration remains unchanged
throughout the entire time interval under
investigation.[1], [5] —[6]

If the roots are multiple but the elementary
divisors are prime, then the system of equations (1)
can be transformed into the form:

+ (Au +a9 4. )y1 + (ag’) + ~~~)y2 =0,
+ (agg) + "')3’1 + (/1/1 + agg) + ~~~)y2 =0. ©)

In system (5), the points denote terms of higher
order with respect to 1/4. Let us introduce the
following substitution:

— foty(t)dt -1 fot,u(t)dtz

y1 ley2=e 2 (6)

according to which the system of equations (5) will
contain no first-order terms with respect to A:

)ZZ = 0,

zy + (ag(l)) + - )21 + (ag(z)) + -
)zz =0. "

22 + (agg) + .- )21 + (ag(z)) + .
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If the coefficients a;; did not contain terms

of order 2% or higher, the task of constructing the
asymptotic series would be complete. Indeed, in that
case, system (3. 7) would take the following form:

21 + agg)zl + agg)ZZ = 0,
. @, O ®)
Zy+ ay; z, + ay,’ z; = 0.

Let z,; and z,; (i = 1,2) be the fundamental
solutions of system (7). These functions can certainly
be obtained by numerically solving two Cauchy
problems with the initial conditions:

L {211(0) =0,

z1,(0) =1,
Z,7(0) = 1. H'{

7,,(0) = 0.

Therefore, the asymptotic representations of
the general integral of system (5) will be expressed as:

—Aft (t)dt
y, =e "k (Cy29 + Cyzyy), )

t
e ﬂ(t)dt(clzm + C2,).

Y,
When the coefficients a;; are expressed as
negative powers of the parameter A, methods from
perturbation theory are used to construct the function
z;. For example, finding the solution to system (6) in
the form of a series in powers of 21, [1],[6]-[8]

In the case of non-simple elementary
divisors, the Jordan normal form takes the form (4).
Then system (5) will be written in the following form:

v, + (/1;1 a4 )y1 + (/1 +a®@ 4. )3’2 o,
y, + (agg) + ..)y1 + (/1;1 +a9 4 ...)yz —o.

The identification of a solution to system (10)
in the form of (6) would signify that the system of
equations with respect to z; would comprise 1% -order
terms in the parameter A. Consequently, solutions of
the form (10) are generally deemed to be unfeasible.

The subsequent discussion will concern a
practical problem that reflects the theory described
above. It is imperative to consider the motion of a
body in air, which takes place in the direction of a

certain vector, z°. It is hypothesised that the body

possesses an axis of symmetry, designated as &°. In
the context of the aforementioned motion, an
aerodynamic moment is exerted on the body in the
plane of the angle of attack, denoted by the symbol v.
The angle of attack is defined as the angle between the
vector z° and the axis of symmetry of the body. The
hypothesis under consideration is that the body does

(10)

not rotate about the axis. The motion of the body is
described by a homogeneous system of equations:

X + 220 (t)x + Aay = 0,} (11)
y+ 2w?(t)y + Abx = 0.) '

which has two degrees of freedom. The generalized
coordinates of the system (1) are taken to be the

direction cosines of the symmetry axis vector &%:x =
cos(fﬁxo) .y = cos(&%0).

It was hypothesised that the body possessed
axial symmetry. Consequently, for small angles of
attack, a linear formulation was employed. The
process described results in the system of equations
(1) being reduced to two equations with respect to
both generalised coordinates. It can be shown that
these equations will be independent.:

X + 1w’ (t)x = 0,
. 22 2( ) } (12)
y+ 2w (t)y = 0.
where 2%w® represents the ratio of the restoring
torque to the equatorial moment of inertia. In reality,
the restoring torque is sufficiently large, and
consequently the motion is treated as high-frequency.
[]

If we assume a slight asymmetry in the body,
then the reference frame for the motion of such a body
is system (1). Introducing new notation:

X =Xy, Y= X3,

the system will be converted into the following form:

5(1 = /1x2, 5('2 _szxl - ax3,

} (13)

5(3 = /1x4_, 5('4 —/1(1)ZX3 - axl.

The last system (3) is a generalisation of system
(1). Letus prove that system (3) has two roots, each
of which has order two. Let us make the following
substitution in system (1):

x = idw(§y —$3),
Y =idw(§; — &y).

x=61+f31
y=&+¢&,

Substituting the above expression into
equation (1) will result in the following expression:

£ = g, +
ST
£, = —idwE, + -, (" (14)
£, = —idwE, + .

where the dots denote terms that do not contain A.
When the characteristic matrix of system (14) is
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reduced to diagonal form, the matrix will take the
form:

iw—pu
iw—pu
—lw— U
—iw—u

As can be clearly seen, system (13) has two
roots, each of order two. Furthermore, the elementary
divisors of the characteristic matrix are prime.[4]

However, system (13) is much more convenient

to use than system (1). The characteristic equation of
system (13) is written as follows:

-1

(14)

Moreover, the roots of equation (14) are complex
conjugates with multiplicity equal to two:
u, = tiw, p, = tiw, g, = —iw, u, = —iw.

Let us assume that u is one of the roots of this
equation. Let us introduce the following substitution:

xX; = exp{/l fot,u(t)dt}zi (i=1.234), (15)

which transforms system (13) into the form:

1. N
Hzy = 25 = =7 %1

1.
a)221 + ‘uZZ = _; [ZZ + aZ3],

1. > (16)

Hz3 = 24 = =723

1.
w’zy + pz, = —/—1[24 + bzl].J

We find the solution to system (16) in the form
of a series whose terms are arranged in inverse powers
of the parameter A:

1
z; = Z + S Zu + - 17)

To compute the functionsz,,, a system is
formulated:

UZyg = Zy9 = 0,

2
w ZlO + MZZO = 0,
UZ3zg — Zg4g = 0,

(1)2230 + MZ40 = 0.

(18)

Given that the equality u* = w? holds, system
(18) is always solvable, and two of the four unknowns
may be chosen arbitrarily.[1],[9]

For the purposes of clarity, let us proceed on the
supposition;

U =iw,
then

Z20 = lwzlo, 24_0 = l(J)Z30. (19)

To find z;;, a system of equations is formulated:

HZyy = Zy1 = —Zyg,
2 .
W Zy1 + UZyy = —Zyy — AZ3p,
11 T HZy 70 30 (20)
HZ31 — Zyy = —Z30,
W’231 + Uz4y = ~249 — bzy.
The system (20) breaks down into two

independent systems of equations. The determinants
of each system are zero. Applying the conditions for
the solvability of the systems leads to a system of two
1%t -order differential equations

Applying substitution (19), the system (21) is
transformed into a system of the form:

(22)
Let’s introduce one more substitution:
—_ *
Z10 = Z10,

after which system (22) will have the entry:

—27},0° — 0wz}, + awzzy = 0,
—2230w° — WWz3y — bwz}, = 0.} ()
Next, let us set a value for u:
U= —iw,
then
Zyo = —IlWZqy, Zay = —iWZz . (24)

In conclusion, we have the following equations:
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=221y — WWZ1y — ibwzzy = 0, and functions
_2230 - (1)(1)230 - iba)ZlO = O. ‘
By applying a substitution: z, = —iz’{(l)exp {—il[ w(t)dt},
0
z19 = —izjy, L
. . Z3, = iz(l)exp —il | w(t)dt
The system will again be reduced to system (23). 32 3

The equations of system (23) are first-order linear 0

equations. Let us introduce the following notation: . )
are particular solutions of system (13). Instead of
(1) D) *2) *@) these functions, let us consider others:
Z1 ,Z3 'Zl ,Z3
t

for the system’s fundamental solutions. In the general 711 + 215 ) (1)
case, these solutions cannot be obtained either by xy = ————=sin{a | w(t)dtiz;,
quadrature or, even less so, in explicit form. However, 0
the solutions to system (23) are slowly varying . ¢
functions that can be fully determined using numerical __ T2 2 dt )
methods. [1],[10] %31 2 cos\2 [ w(t)depz”,
Let us proceed to the construction of the system ;0
of fundamental solutions for equation (13). Here, it z -7, o
must be noted that the functions: X, = ——— = cos /’lf w(D)dtiz Y,
2
t 0
_ 231-23; o t (1)
z, = izz(l)exp {ilj w(t)dt}, Y32 =T, T sm{l fo w(t)dt}21 :
0 By continuing the calculations in this manner,
) the remaining particular solutions are found.
Z3 =23 exp ilf w(t)dt Ultimately, we obtain an asymptotic representation of
0 the general solution (25):
t t \
x; = Asin Af w(t)dt Z:(l) (t) + Bcos Af w(t)dt Z:(l) (t) +
t t
. +(2) *(2)
+Csini{d | w(t)dt z; (t) + Dcos {1 | w(t)dt Z, (v),
0 0
t t >
- ) . Wy
X3 = —Acos 1 w(t)dt Z3 (t) + Bsin{1 | w(t)dt Z3 (t)
0 0
t t
©) , @
—Ccos {1 | w(t)dt Zs (t) + Dsin{A | w(t)dt Zy (t).
0 0 J
Analogous expressions are derived for the the fourth-order system (11) with a rapidly oscillating
variables x, and x,.In (25), A, B, C and D are solution, thereby yielding a numerical solution to the
designated as arbitrary constants. second-order system (23) with respect to the 'slow'
Consequently, the implementation of asymptotic variables.
methods has facilitated the numerical integration of
[ ]
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