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Abstract: The objective of this study is to ascertain the characteristics of seismic actions that define their hazard
level for various limit states of structures. In addition, a methodology for modelling design actions in multi-level
structural design is to be developed. The present study employs methodologies from the fields of structural mechanics,
structural dynamics, and mathematical statistics. The findings facilitate the evaluation of the seismic resilience of
structures in scenarios where seismological data is scarce or non-existent, a crucial consideration for standard
design methodologies. A comprehensive investigation and analysis of the kinematic, spectral and energy
characteristics of seismic actions has been conducted. A methodology is proposed for determining the design action
level, taking into account the seismic hazard of the area and the structure's service life. A new model for calculating
accelerograms has been developed, taking into account the expected limit states of structures and the characteristics
of actual earthquakes. A modal analysis of systems with many degrees of freedom was performed based on
D'Alembert's principle.
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Introduction

In the study of a system with a single degree of
freedom, the value of the restoring force was obtained
by solving the equation of motion for a conservative
system and was confirmed experimentally. It was also

established that the restoring force exactly follows
Hooke’s law. In subsequent calculations, the equation
of equilibrium was essentially used.[1]-[3]

In 1743, a French mathematician proposed a
statement that would subsequently become known as
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"D'Alembert's principle”. In accordance with the
aforementioned statement, it can be posited that all of
the laws of motion of a system of material points can
be reduced to the laws of equilibrium. In the event of
a geometrically rigid system of material points with
constraints being in equilibrium under the action of
external loads, the following condition is to be
observed:

F;+P,=0{i=1,2,..n},

where Fsi is the resultant reaction force; Pi — is the
resultant of all external (active) forces acting on point
i

If the active force varies with time, then,
according to Newton's second law, there is a change
in momentum m;y; = Fg; + P;.

1my

If we input the force S; = P, — m;y, known as
the “lost force,” then Newton’s second law can be
written as Fy; + P, = 0. This equation of motion is
structurally identical to the equation of equilibrium.
The lost force S; can be expressed as the sum of two
forces: the active force P; and the so-called inertial
forcel; = —m;y, . Then the equation of motion takes
the form of an equilibrium equation for three forces

F5i+P,:+I,:=0

An illustration of D’ Alembert’s idea is shown in
Fig. 1. In Fig. 1la, a — vector representation of
Newton’s law is shown; Fig. 1b illustrates the idea
behind D’ Alembert’s principle; and Fig. 1¢ provides a
visual representation of the lost force.

e ——

Fy

Fig. 1. D’Alembert’s idea: a — a vector representation of Newton’s law;
b — D’Alembert’s principle; c — lost force

D'Alembert  generalized the equilibrium
condition for a single point to an arbitrary mechanical
system. According to D'Alembert's principle, the
dynamic equilibrium condition can be obtained by
adding the inertial force to the static equilibrium
equation. The static equation for systems with many
degrees of freedom is known from the course
“Structural Mechanics”: ry = P, where r — is the
stiffness matrix of the system; y — is the desired
displacements; P— is the external load.[2]

By adding the inertial force, we obtain the
dynamic equilibrium equation

my +ry=P.

We will proceed in the same way with the
damping forces. Ultimately, the dynamic equilibrium
equation for a system with many degrees of freedom
under seismic loading will take the form

my+cy+ry=my,. Q)

Equation (1) is identical to Equation (2.1), but is

written in matrix form. Frequency analysis of the

equation of motion. The free oscillations of a
conservative system with many degrees of freedom
are described by the equation

my+ry=0, )
where 0 is the zero vector.
By analogy with the analysis of a system with
one degree of freedom, let us assume that the system
undergoes harmonic oscillations

y = J sin(wt + @) 3
where § — is a vector characterizing the modes of
oscillation of the system, in which only the amplitudes
vary.

We differentiate (3) twice and substitute the
result into (2)

(r — w?*m)y sin(wt + @,) =0
or, by omitting the term sin(wt + ¢,), we obtain
r—w?m)y =0. 4

A non-trivial solution (4) for § is possible
provided that the determinant of the system is zero
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Ir — w?m|l = 0. (®)

Equation (5) is called the frequency equation of
the system. Expanding the determinant in (5) yields an
equation of the nth degree in w?. Solving this
equation yields n values w

w’ = (w1, Wy, . 0}, ... 0y ),
where N is the number of degrees of freedom. When
N = 0 — Wya = 0.

The problem of finding the frequencies of
oscillations corresponds to the problem of eigenvalues
in linear algebra. Let us rewrite equation (4) in the
form

ry = Amy (6)
where the following symbols are defined 1 = w?

In terms of linear algebra, the quantities A and §
are referred to as eigenvalues and eigenvectors,
respectively. There are methods for determining the
eigenvalues and eigenvectors directly from equation
(3.6). If the mass matrix is diagonal, the problem is
significantly simplified. Let us introduce the
following notation

1 1 1
k=mTz2zrm 2,V = mz2y

Then equation (6) can be written in standard
form as 2 = VT kV, where A is a diagonal matrix of
eigenvalues; V — is a matrix whose columns are the
eigenvectors of the matrix k.[1],[3]-[5]

Eigenvectors and eigenvalues have the following
properties:

1) an eigenvector V; has a unique eigenvalue A;;

2) if V;— is an eigenvector with eigenvalue 4;
and g — is any nonzero number, then qV; — is also
an eigenvector with eigenvalue 4;;

3) if V; and V; are eigenvectors with eigenvalues
A; and A;, where 4; # A; , then V; and V; are linearly
independent;

4) The eigenvectors of a real symmetric matrix
corresponding to different eigenvalues are orthogonal.
A necessary and sufficient condition for orthogonality
is VTV = E, where E is the identity matrix. It follows
that V=1 = VT. The condition for orthogonality of
vectors §

yTmy=E ()

Vectors that satisfy condition (7) are called
orthonormal. Let us multiply both sides of equation
(6) on the left by the transpose of the eigenvector
matrix

I’y = w?y'my ®)
or taking into account (7) $Try = w?, where w?— is
a diagonal matrix.

It should be noted that the values of w? are not

eigenvalues of the stiffness matrix .

Standard coordinates. Let's enter generalized
coordinates
9)

where @ — a matrix composed of columns of
eigenvectors; ¢ — a column vector of generalized
(modal) coordinates.[1],[2]-[4]

Essentially, we have replaced the vector §; of
the i th eigenmode with the vector q;¢p;, where q; —
is a scalar. This substitution is possible thanks to the
second property of eigenvectors. After substituting the
generalized coordinates into the equation of motion
(1), we obtain

y = &g,

m®q + c®q + rdq = mey (10)
where e is the vector that determines the displacement
of masses for a unit displacement of the base.
Essentially, this is the vector of cosines between the
direction of the seismic excitation and the directions
of the dynamic degrees of freedom.

Multiplying both sides of the equation from the
left by the transposed matrix of eigenvectors yields a
system of decoupled equations

" mdG + 7 cdg + T rdq = ¢ mey
where &7 m®, T cd, dTrd diagonal matrices.
Thus, for any i-th eigenmode, a unique equation is
obtained in terms of the generalized coordinate g;

i med; + @] cpiq; + 9] rpiq; = i mey, (11)

Let’s define the following notation: M; =
@Tme;- modal mass; C; = ¢! ce; -modal damping;
R; = ¢Irp;- modal stiffness; L; = ¢ me — modal
active mass.

Given the notation used, equation (11) takes the
form

M;q; + Ciq; + Riq; = Li¥o

Since the modal mass is nonzero, it can be
eliminated from the equilibrium equation for the
modal coordinate. Then, taking (8) into account, the
equation for the i-th mode takes the form of a linear
oscillator

. . Li ..
d; + 2§ w;q; + wiq; = w; Y0 (12)

where ﬁ - seismic load factor. By analogy with a

system having a single degree of freedom, the
following symbols are defined:
ﬁli = 2§;w;,

The determination of the displacements yj in
geometric coordinates is achieved by solving equation
(12) in terms of the generalized coordinates q;, via
transformation (9). As the generalized coordinates are
obtained through orthogonal transformations of the
original matrices, they are referred to as normal
coordinates. Furthermore, it is important to note that
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generalized coordinates are used to characterise the
principal modes of undamped systems and are also
referred to as principal coordinates. The term ‘modal’
is ultimately derived from the Latin term 'modus',
which translates to ‘form', 'method' or 'rule'. This
nomenclature is employed to denote the specific
calculation method. The term 'normal' is most
frequently employed, with the emphasis placed on the
derivation of a decoupled system of equations.[6]

Note: For equation (12) to be correctly
presented, two conditions must be met:

1) The damping matrix must satisfy the
condition ¢! co; = 2&w; 0T me;

2) The damping ratio must be much less than 1
for all eigenmodes. That is, the following condition

must hold: w; ~ /1 — &7,

77777

If the first condition is not satisfied, then it will
not be possible to obtain decoupled equations, and the
form decomposition loses its meaning. If the second
condition is not satisfied, then the form decomposition
does not reduce to an eigenvalue problem in linear
algebra.

Example 1. Let us determine the periods and
modes of vibration of the planar system shown in Fig.
2. The system has three degrees of freedom—two
translational and one rotational. The translational
degrees of freedom are associated with masses of 200
t, and the rotational degree of freedom with a mass of
150 3. The stiffness matrix of the system

— @

Fig. 2. Flat system

70743 7949 —9687
r=17949 55739 32901
—9687 32901 60732
1 1
Matrix k = m 2rm" 2
353,7154 39,747 —55,93
k= [ 39,7466 278,694 189,956]
—55,931 189,956 404,883

Let’s define the eigenvalues k and the real

1
eigenvectors A ={123369544}d =Vm™z =

-0,01927 0,06749 —0,00859
[ 0,05457 0,02067 0,03994 l Natural
—0,04692 -0,00491 0,06664

frequency w = {11,119,223,3} u Periods by
waveform T, = i—” T = {0,566 0,327 0,269}.

In this particular instance, the eigenvectors are
orthonormalized. The calculations were performed in
MS Excel using the application's functions.[1]

The phenomenon of superposition of vibration
modes is demonstrated here. Following the
determination of the system's response in normal
coordinates, a transition is initiated to geometric
coordinates. In accordance with the stipulations

outlined in Section 3.9, the displacement of the k-th
mass is to be determined.
Vi = Xi=14i Pi (13)
where n— number of forms included. The modes are
arranged in an ascending order of natural frequencies,
or, alternatively, in a descending order of vibration
periods. In the case of complex structural systems, a
greater number of modes must be taken into account.
In order to evaluate the contribution of each mode to
the overall response, the concept of effective modal
mass has been introduced.[4]-[7]
The elastic resistance of the system can be
expressed in terms of normal coordinates
Fs=ry =rdq (14)
Since the inertial and restoring (resistance)

forces are equivalent, equation (8) in normal
coordinates takes the form
r® = mdw?q (15)
Substituting (15) into (14), we get F, =

m®w?q. The elastic resistance vector for the i-th
mode f;; = ¢;w?q;. Let q* - be the solutions to the
equation
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4;" + 2§ w;q;" + 0iq", = §o (16) meff = L (18)

t Mimr,06
— Li 2
foi =meiy 0id’, (17) where the symbol is defined m,,,s = e’ me.

The vector sum of elastic forces in the direction
of the seismic excitation according to the i- th mode
el foi=¢el m<pi;—iiwi2q*i or, given that e mg; =

.2 2
pime=1L; e f; = %w?q*i, where the quantity%

L 1A
is called the effective modal mass and has the
dimension of mass.

The sum of the effective modal masses is equal
to the vector sum of the concentrated masses of the
N oLy (¢fme)"
i=1 M; — 4i=1 (pg"m(pi ’
where N — the number of dynamic degrees of
freedom (concentrated masses).

It is much more convenient to express the
effective modal mass of the i- th mode as a fraction of
the total mass

main system e’ me; =

Many standards require that modes with
mff 750,05 be taken into account, and the sum of the
effective modal masses of the modes considered must
be at least 0.85. SP 14 standards establish that the sum
of the effective modal masses of the modes considered
in the calculation must be at least 0.9 for horizontal
vibrations and 0.75 for vertical vibrations. However,
this requirement applies only to systems in the form of
a cantilever beam with uniformly distributed mass.
For complex structural configurations, maximum
stresses may be determined by higher modes with a
small effective modal mass.

Example 2. Let the base of the system from
Example 1 oscillate with an acceleration of o §, =
100texp(—2t)sin(11t), directed at a 30° angle to the
horizon (Fig. 3). The direction cosine vector for three
degrees of freedom e’ = {0,866 0,5 0}.[1]

30°

Fig. 3. Design system

Since the eigenvectors are orthonormal with
respect to the mass matrix ®” m® = E, The modal
masses for all modes of vibration are equal to one.

We will assume that the modal damping
coefficient is the same for all modes. ¢ = 0,05
C;=2-005-11,1=1,11; ¢, = 1,92; €3 =2,33.

L, (—0,01927 - 0,866 - 200 + 0,05457 - 0,5 - 200 + 0) _

In this case, the modal stiffnesses are equal to the
natural frequencies R, = 123; C, = 369; C; = 544.
Seismic load factors

M,

L, (0,06749 - 0,866 - 200 + 0,02067 - 0,5 - 200 + 0)

= 2,119

M,

Ly (—0,00859 - 0,866 - 200 + 0,03994 - 0,5 - 200 + 0)

= 13,756

My

Total effective mass: 200 -0,866% + 200 -

0,52 = 200; effective modal masses for the three
2

shapes: M =22 00225; M =
200

0,9461; M = 0,03147.

= 2,506

As a result of the transformations, three
independent equations were obtained:

4 1,114, + 123q; = 2,12§,, d, +
1,92 §, + 369q, = 13,76,
ds + 2,33 43 + 544q5 = 2,51,
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The solution in standard coordinates is shown in
Fig. 4.

Fig. 4. Normal coordinates

Fig. 5 shows the variation of the elastic
resistance over time, taking into account the three
modes of vibration. Table 1 lists the contribution of
each mode to the elastic reaction. The value M,

8000
G000
4000
2000

—2000
—4000
—6000
—-8000 —

represents the maximum bending moment in the
support section of the column.

Fig. 5. Change in elastic resistance over time

Table 1. Types of oscillations

Types 1 2 3
fo1 -0,015 1,032 -0,017
fs, 0,149 0,697 0,154
fs3 0,996 -0,047 0,051

Mpax 0,266 0,731 0,002

An analysis of Table 1 shows that, despite its
small modal mass, the first mode makes a significant
contribution to the elastic responses. This is because
the first mode is a torsional mode. European standards
require that all modes with T; > 0,2 s be taken into
account if the first or second modes are torsional. A
distinction should be made between torsional modes
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